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It has been long discussed at which extent the Theory of Constraints 
(TOC) can be regarded as a conceptual adaptation, an evolution or 
even a simplification of the Linear Programming (LP). This paper 
presents the logic foundation to these aapproaches, in order to further 
discuss the possible relations between them. Based on a numeric 
example and on the assumptions to each approach, this paper also 
argues that, despite having a trend for searching optimizations in its 
origin, TOC currently presents few common points with LP. 
 
Keywords: Theory of constraints, Linear programming, Production mix 

�������������
	�������������������������	���	�����	 ����� ���������
 �� !#"�$���%�� ��$�$� �� ��% !����&��'($� �!��
� �����*)�!���!#%�$�)�$����
+-,/.103254�687/9:6(;=<5>1.1?A@50�<CB5D/EF6HG <C,/I-9AB5G 91J <C25D/.K9L;=<5,/2MG ,F68.12C0�9:6HG <-,/N-@503<PO3.LEQ6(9L,/BM?1D/?:6H9LG ,/9LR5G J G 684

Iguassu Falls, PR, Brazil,  09 - 11 October 2007 



 S�TUTUTVTUWYX�ZC[(WY\�X�TU]^WY\�_=`�](W�a-ZC[(ZCW�`
Z=b^ced c^f^g�h
i5j^d k�lm+Cc^n^d c^+C+Cj(d c^nek
c^fob^pV+Cj^k�i5d b^c(hrqMk�c^k�n^+-qM+Cc^i
sLtvuPw x8y�z�{v|�z
}�~H�5uP�#�vw ~1���v�Hz�� ~1tv�L|#�v� |�� ~vx���u#|�}�~vtvx�� t8z3uPxvw |�z3� ~vt1���vw ~8��uP�Hz
|Ft1���P�1��z3|�� tv|��v� � � z y

Iguassu Falls, PR, Brazil,  09 - 11 October 2007 
 
 
 

 

 
2 

 

1. Introduction 

Several researchers and papers have discussed the Theory of Constraints (TOC) and Linear 
Programming (LP) regarding their applicability and effectiveness.  Nearly all papers aimed at 
comparing TOC with PL, utilizing optimal production mix decision problems for this 
purpose. The papers by Bhattacharya and Vasant (2007), Mabin and Davies (2003), Lea and 
Fredendall (2002), Boyd and Cox (2002), Finch and Luebbe (2000), Balakrishnan and Cheng 
(2000), Mabin and Gibson (1998), Kee and Schmidt (1998), Hsu and Chung (1998) and 
Verma (1997) are taken as examples. 

A point regarded as defective or limiting in TOC, when identifying a better production mix, is 
that such approach does not guarantee optimal results when more than one production 
bottleneck is involved. In fact, this paper will demonstrate that the TOC solution does not 
present good results when there is more than a bottleneck resource. 

This paper is intended neither to present a wide theoretical review on TOC and LP, nor to 
investigate ways to optimize solutions for a better production mix. What is intended here is to 
identify at which extent TOC can be characterized as an extension of optimizing methods – 
especially the LP, which is usually used in comparisons with TOC. 

For this purpose, this paper initially shows the main concepts and assumptions which support 
both approaches. Next, a classic production mix optimization problem – known as P&Q 
problem – is presented. Next, a discussion on the observed results is presented, in which the 
main differences and occasional similarities between TOC and LP are conceptually explored. 

2. Linear Programming 

The linear programming is one of the most utilized techniques when dealing with problems 
targeting profit maximization and cost minimization. Its applicability is facilitated due to the 
simplicity and availability of a computer-programmable solution technique (SILVA, 1998). 

The linear objective function as well as the technical constraints – represented by a cluster of 
linear inequations – constitute the mathematical model for the linear programming. The 
objective function measures the system performance for each solution, which may be the 
ability to generate earnings when the objective is, in fact, to maximize them. The technical 
limitations imposed by the system are guaranteed by the constraints, and the model requires 
the nonnegativity of the decision variables. 

In the system solution, the linear constraints are transformed into equalities with the inclusion 
of nonnegative values in the terms located on the left of the inequalities. Such variables are 
named as slack or excess variables. If necessary, an artificial variable is added on the left of 
all the constraints, which do not contain a slack variable. An initial nonnegative solution is 
determined for the constraint set making that each slack variable and each artificial variable 
assume the value located on the right side of the equation. In order to assure the allocation of 
values in the optimal solution, the artificial variables are included in the objective function 
pondered by positive coefficients of values increased in the minimization problems, and by 
negative coefficients of values increased in the maximization problems (BRONSON, 1985). 

The resources available are normally not enough for the accomplishment of all the tasks, 
being necessary to find the best resource distribution among the tasks or activities, thus 
assuring an optimal value for the established objective. This way, such sort of problem is 
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characterized by the existence of an objective that is made explicit in terms of the decision 
variables, and by the constraints in the application of resources (ANDRADE, 1998). 

3. The Theory of Constraints 

The TOC approach initially recognizes that every organization must be faced as a system, that 
is, a set of elements among which there is an interdependence relation. The next step 
emphasizes the widespread accepted notion that every system has a purpose or goal, and so, 
every action taken by any part of the system must be judged by its impact on the global goal. 
For this reason, it is imperative that measures be defined, allowing for the evaluation of the 
impact of any subsystem and any local action in this subsystem (GOLDRATT, 1991). 

If enterprises are formed by elements interrelated with a common goal, the system constraint 
must be defined as anything that prevents a system from achieving a better performance 
concerning its goal. Moreover, every system has to present at least one constraint; otherwise, 
the system performance would have to be infinite. Likewise, there will always be very few 
constraints, as there is always a single weaker link in a chain (GOLDRATT, 1990). Based on 
this, TOC provides 5 focusing steps that must be followed in order to assure an effective 
ongoing improvement: 

a) Identify the system constraint (s); 

b) Decide how to explore the system’s constraint (s); 

c) Subordinate everything else to that decision; 

d) Elevate the system constraint (s); 

e) If in a previous step a constraint was broken, return to the first step, but prevent inertia 
from becoming the system’s constraint. 

Goldratt and Cox (2003) affirm that the target of a capitalist enterprise is to make money at 
the present as well as in the future. It must be evaluated in terms of its Net Profits (NP) and 
Return On Investment (ROI). In order to judge the impact a local action has on the NP and the 
ROI, TOC uses three performance measures: 

- Throughput (T): rate at which the system generates money by means of sales; 

- Investment (I): all the money captured by the system; 

- Operating Expense (OE): all the money that the system spends by transforming investment 
into throughput. 

Goldratt (1991) comments that Throughput can be understood as all the money entering the 
enterprise minus the amount paid to suppliers. That would be the money the enterprise 
generated. The amount paid to the suppliers is the money generated by other enterprises.  

According to Corbett (2005), the throughput has two sides: the Revenue and the Total 
Variable Costs (TVC). The use of the terms cost and variable may lead to a confusion 
regarding cost accounting measurements. TVC is the cost that varies for every extra unit 
produced (in most cases its only raw material). This will inform how much money the 
company generates with the sale of one unit of the product. Schragenheim e Dettmer (2001a) 
reinfornce that the definition for throughput does not include the direct labor costs (or even 
indirect), unless they are retributed by piece. 
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Corbett (2005) presents some formulae which help in the understanding and calculation of the 
throughput, which are: 

TVCPTu −=  (1) 

In which: Tu = Product Unit Throughput; P = Product Sales Price. 

In order to know the total throughput that a product can generate, the product unit throughput 
must be multiplied by the amount sold, as follows: 

qTTT u ⋅=  (2) 

In which: TT = Total Throughput; q = amount sold in a specified period. The Enterprise’s 
Total Throughput is the sum of the TT for all the enterprise’s products. 

According to Goldratt (1991), the relation between the three financial measurements (T, I and 
OE), the Net Profit (NP) and the Return on Investment (ROI) becomes immediate. The NP is 
the T minus OE, while ROI is the T minus the OE, divided by the I. 

4. The P&Q problem 

The P&Q problem (Figure 1) is presented in Goldratt (1991), whose intention is to make 
possible a discussion – by means of a simple and easy example – on the different results that 
can be obtained when different methodologies are employed for their solution.  

In this problem, a specific enterprise manufactures and sells two types of products, P and Q. 
The product P is sold at $90 per unit and there is a 100-unit weekly demand for this type of 
product, at this price. The product Q, in turn, is sold at $100 with a 50-piece weekly demand. 
For making a product P, it is necessary to use three types of raw materials (RM1, RM2 and 
RM4), which totalize $45. The product Q uses only two of them (RM2 and RM3), or $40. 

There are four types of resources (A, B, C and D) used in the manufacture of these products 
and there is only one resource of each type. The time inside the boxes indicates the processing 
time, in minutes, needed to manufacture the parts for each product. These resources are paid 
to operate for 2,400 minutes/week, and all the enterprise’s costs and expenses - except for 
those associated with raw materials - totalize an amount of $6,000/week. The question is how 
many P and Q must be produced and sold so that the enterprise’s profit be maximized. 
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Figure 1: The P&Q problem. Adapted from Goldratt (1991). 

By making the calculation, one can easily notice that, conversely to other products, the 
resource B does not present enough capacity to meet the weekly P and Q demands. For such 
purpose, it would be necessary 3,000 minutes, or 125% of the capacity available. It is 
necessary to decide on a production mix that maximizes the earnings of this enterprise. 

From this particular perspective, both TOC and LP use different approaches in order to find a 
better mix. According to TOC, the product that contributes the most to the enterprise’s 
earnings is P, because it brings the best relation between Tu and the consumed constraint units 
(Tu/CU).  Each product P has a Tu of $45 (90-45) and consumes 15 minutes of the resource B, 
that is, contributes to a Tu/CU of $3.00 (45/15) per minute of the bottleneck resource.  As for 
the product Q, it has a Tu of $60 (100-40), but it uses 30 minutes of the bottleneck, that is, it 
allows for a Tu/CU of only $2.00 (60/30) per minute of the bottleneck.  

The TOC solution therefore suggests that the maximum amount of P be produced, that is, 100 
units, and by using the remaining time from the resource B, 30 units of Q must be produced.  
The maximum earnings achieved with this mix is of $300 [(100 x 45) + (30 x 60) – 6,000]. 

The same result is achieved when LP is used. However, for this to happen, the contribution 
that each product has for the enterprise’s profit in the objective function must correspond to 
the previously mentioned Tu. The LP does not suggest a specific criterion to determine the 
contributions that each decision variable must present in the objective function.  

The following LP model can be elaborated to this type of problem: 

Max Z = 45Xp + 60Xq 

Subject to the following constraints: 

15Xp + 10Xq  2400 (capacity constraint of the resource A) 

15Xp + 30Xq  2400 (capacity constraint of the resource B) 

15Xp + 5Xq  2400 (capacity constraint of the resource C) 

10Xp + 5Xq  2400 (capacity constraint of the resource D) 

Xp  100 (constraint on the demand of P) 

Xq  50 (constraint on the demand of Q) 

Xp, Xq  0 (constraints on nonnegativity of the variables Xp and Xq) 

In which Xp is the amount produced and sold of the product P, and Xq is the amount sold of 
the product Q. The solution of this model leads to Xp = 100 and Xq = 30, with Z = $300. 

Even that both approaches have reached the same results – and both of them optimal – the 
paths were different. Such differences become clearer and clearer when a modification is 
inserted in the original problem. Suppose that the processing time for the resource D is 
increased, at the final manufacturing operation of a product P, from 10 to 25 minutes. This 
situation is denominated herein as a Reviewed P&Q Problem. 
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In addition to the resource B, this alteration results in a new bottleneck resource, the resource 
D. While the resource B still carries a 125% load, the resource D assumes a 115% load. Even 
if the load is lower than the load in B, it is actually a bottleneck. 

Under these conditions, when the previously suggested TOC approach is followed, the 
resource B would be regarded as the main bottleneck, for it would be more overloaded than 
D. So the TOC solution would maintain the same Tu/CU values for each product and would 
continue to suggest the product P as the most profitable for the enterprise. However, only 96 
units of P can be now produced, due to the lack of the capacity in D, and it is not possible to 
manufacture a single unit of Q. In this case, there would be a loss of $1,680, and the resource 
B would be operating at a 60% load and D at a 100% load. 

The reader can verify that, if the resource D is selected as the bottleneck to be explored, the 
product Q would become the most profitable, and the loss would decrease to $300, with a 
load in the resource B at 100% and at 73% in D. 

A different solution is obtained when the LP is applied. In this case, the enterprise would 
obtain a profit of $120, and the optimal production mix would be of 88 units of P and 36 units 
of Q. In this solution, the resource B would present a load at 100% and D at 99%. 

When analyzing these results, it seems evident the superiority of LP over TOC, given that the 
first approach allows for the obtainment of better results and also a better use of the 
constrained resources. However, from the TOC point of view, other aspects would need to be 
taken into account, in situations of this kind. The following topic will discuss these aspects. 

5. Differences and similarities between TOC and LP 

The previous example points out that the Tu/CU approach - suggested by TOC in the 
identification of better production mix - does not achieve satisfactory results when more than 
a bottleneck resource appears in terms of meeting the demands for the enterprise’s products.  
Would TOC be a limited approach or applicable only to specific situations? Why not using LP 
all the time? This topic aims at answering these questions, based on a critical analysis of the 
assumptions on which the TOC is founded. 

5.1 The interactive constraint concept 

Perhaps this is one of the most important concepts presented by TOC, which is fundamental 
to understand how it analyzes situations such as the one shown in the item 4. When observing 
the LP model depicted, one can notice a large number of constraints considered for the 
problem solution. Such constraints, however, are not necessarily considered as interactive 
ones – according to the TOC language. 

The complexity of a system – as in the P&Q Problem used for analysis – is not determined by 
the number of constraints in this system, but by the number of interactive constraints, which 
present a mutual impact. To the author, the interactive constraints signficantly increase the 
complexity of the system, thus greatly reducing its performance (GOLDRATT, 1991). 

The inability of the systems to tolerate the interactive constrained resources comes directly 
from the coexistence of two different phenomena, named by the author as statistical 
fluctuations and dependent events. In Goldratt and Goldratt (2006), Goldratt and Cox (2003) 
and Schragenheim and Dettmer (2001a), these phenomena are discussed as well. 

A typical example of interactive resources is illustrated in the reviewed P&Q Problem. As 
previously mentioned, two resources (B and D) become bottlenecks in this situation. When 
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one attempts to explore these resources at the most, the other one overloads to the extent of 
making such exploration not possible. In this case, one faces two interactive constraints. The 
same example provides the opportunity to observe that the maximum theoretical performance 
– according to the solution given by the LP – decreased from $300 to $120. 

The idea of protective capacity is underlying to the concept of interactive constraint. The 
protective capacity should be understood as the capacity in excess that all the non-constrained 
resources have with regard to the constraint of the system in which they are part of 
(GOLDRATT, 1991). Using as an example the P&Q exercise in its original version, the 
resources A, C and D have protective capacity in relation to the constrained resource B.   

If the performance of a system is determined by the performance of its constraint, the 
protective capacity in all non-constrained resources becomes fundamental. According to 
Goldratt and Goldratt (2006), a constraint can only be truly explored when all the other 
resources present a significant protective capacity. To these authors, it is this protective 
capacity that guarantees that a constrained resource does not stop due to the lack of pieces (in 
the event of the system constraint is a bottleneck resource) or that the demand is fully met (in 
the event of the system constraint is in the market). 

This way, situations such as the one illustrated in the P&Q example – whenever a resource D 
becomes a second capacity constraint – must be avoided, at any price, according to TOC. One 
of the constraints should be immediately elevated or the demand should be reduced (through 
price increase, for example), thus preventing interactive constraints to present their effect. 

TOC recognizes indeed that its solution, based on the Tu/CU rule, has no value in interactive 
constraint situations. Schragenheim and Dettmer (2001a) mention the conditions for when 
that rule is applied, that is: i) the Capacity Constraint Resource (CCR) must be a true 
constraint all the time; ii) there is not more than one CCR in the system, meaning that there is 
no interactive constraints; iii) the decision to be made cannot cause the change in the 
constraint to another resource; and iv) when facing major sales contracts, the decision maker 
must always use the impact of this decision on the T, I and OE indicators, as a general rule. 

Increasing the capacity of one of the CCRs, however, is time-consuming and, sometimes, 
money-consuming. What and how much should be produced up to the effect of the decision to 
eliminate the interactive constraints appears? The next topic will address this issue. 

5.2 The solution proposed by the LP under TOC perspective 

Some authors, such as Onwubolu (2001) and Hopp and Spearman (2000) suggest that, in 
interactive constraint situations, the only methods that guarantee optimal solutions are those 
based on optimizing algorithms, like the LP.  

However, from the TOC point of view, the LP solution ignores the variabilities inherent in the 
productive resources, as well as the nature of the dynamic interdependence between them. 
The answer given by the LP – even being exact – originates from the assumption that the data 
contained in the model are deterministic. Nonetheless, due to the statistical fluctuation and the 
dependent events phenomena, the LP-based solution would not be makable, because it does 
not assure enough protective capacity to the system (BARNARD, 2006). 

Using once more the modified P&Q example, the solution proposed by the LP approach 
suggests that the resource B must operate at 100%, while the resource D must operate at 99%. 
According to Barnard (2006), this solution would be unmakable, because the excessively low 
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protective capacity of D compared with B would make unfeasible the calculation for the mix. 
The author applied simulation experiments in order to substantiate his solutions. 

If the Tu/CU rule is not valid for interactive constraint situations, and the solution proposed by 
the LP is not recommended, what does TOC suggest in these situations? The next step focus 
on this point. 

5.3 A TOC-based proposal 

The TOC recognizes (BARNARD, 2006; GOLDRATT and GOLDRATT, 2006; 
SCHRAGENHEIM and DETTMER, 2001a; GOLDRATT et al., 2000) that, due to the 
elevated levels of uncertainty and variation inherent in the organizations, the noise level in the 
systems becomes so high that there is no reason to search for optimal solutions, but to search 
for solutions that are good enough. This way, there would be a range of possibilities that 
would comprise a safe zone around the solutions that are good enough. If solutions that are 
different from the optimal ones could bring unsatisfactory results when seen under the LP 
perspective, there would be a safe zone of good enough solutions under the TOC perspective. 

In this sense, decisions must be made on stocks, capacity, time buffers, production policies, 
price establishment and even on production mix – among other – by considering this zone as 
an area of solutions that are good enough.  

Barnard (2006) suggests a rule in order to determine the production mix for interactive 
constraint situations that would position the solution inside the safe zone. At the same time, it 
would be makable in maintaining the resources’  protective capacity. The suggested rule 
would be defined this way: to make an amount to each product equivalent to the percentage 
obtained by the relation between the available capacity and the required capacity of the most 
overloaded resource. To the author, such a solution attempts to assure the highest utilization 
of the interactive constraint resources, by placing the solution in the security zone to, from 
this point on, make improvement decisions and observing the impacts of such decisions on the 
T, I and OE measurements. 

By applying this rule to the reviewed P&Q problem, the most overloaded resource is the 
resource B, which  needs 3,000 minutes in order to meet all the demand. As 2,400 minutes is 
the weekly time available, a percentage equivalent to 2,400 divided by 3,000 – or 80% of each 
product – must be produced, according to the proposed rule. The suggested mix would be, 
therefore, 80 units of P (0.8 x 100) and 40 units of Q (0.8 x 50). 

With this mix, the resource B would carry a work load equivalent to 100%, and the resource 
D with 92%, or 8% of protective capacity. The reader will be able to verify that, with this 
mix, the enterprise obtains maximum profit of zero (null profit). This result – although it is 
lower than the maximum theoretical of $120 - is higher than the $300 negative reached by 
means of the Tu/CU rule. Barnard (2006) underscores that, although this simple rule seems to 
provide promising results, a great deal of research is still necessary. 

6. Conclusions 

This paper used a numeric example named P&Q Problem in order to illustrate and identify 
differences or similarities between the TOC and LP approaches. As a conclusion, three 
considerations can be made: 

- While the PL is based on optimization algorithms that recognize the importance of the 
scarce results to the system performance, the TOC is founded on some principles differing 
it from the LP. The focus on the constraint and on the assumption that every system must 
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always present few constraints, the use of the T, I and OE measurements to support the 
decisions and its five focusing steps are some of the aspects that differ it from the LP. 

- While the LP is an approach founded on the search for optimal solutions, the TOC aims at 
solutions considered as good enough based on its five focusing steps. In this sense, as 
described in Schragenheim and Dettmer (2001b), the TOC is based on simple and effective 
rules, with a distance from optimizing solutions.  

- If in situations of a single capacity constraint the TOC and LP approaches suggest the same 
result in terms of a better production mix, in interactive constraint cases, its proposals are 
very different. While the LP searches for an optimal solution, the TOC suggests two 
complementary actions. Firstly, a strategy to get rid of this situation should be defined as 
soon as possible. However, while this strategy does not present an effect, a simple and 
effective solution must be created with the purpose of achieving good (but not optimal) 
results and that, at the same time, maintain certain levels of protective capacity for its 
feasibility. 

It is expected that this paper have reached its intention, thus contributing to enrich the 
discussions on these two important Production Engineering topics. 
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