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This paper presents two models of multidimensional auctions to 

improve an international NGO process procurement efficiency by 

reducing the procurement costs and the decision process time. These 

modest models have the advantage to be easily implementable. The first 

one uses combinatorial auctions and is suited for procurement where 

suppliers can benefit from cost complementarities. The second one uses 

volume-discount auctions and is suited for volumetric purchases where 

discounts for large quantities are common. Several design 

considerations for this type of auction will be reviewed, as well as the 

mathematical formulation of the winner determination problem which 

can be solved under Excel. 
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1. Problem 

This project aims to develop decision support tools to optimize an international NGO’s 

purchases using reverse combinatorial auctions. The objective is to improve the NGO process 

procurement efficiency by reducing the procurement cost and the decision process time. On 

the one hand, the tender frame needs to be challenging to encourage suppliers to reveal their 

true valuations. But on the other hand, we want a process that develops and maintains good 

relationships with suppliers so it’s must be positive for them.  

Multidimensional auctions make that possible because they allow suppliers to gain financial 

benefits thanks to economies of scope or economies of scale. Moreover, they present other 

advantages as reducing the impact on the supplier’s timelines or costs required to respond to 

the RFQ and guaranteeing fairness and market transparency. Here we need to choose several 

fundamental design considerations relevant to the application of combinatorial auctions in 

procurement such as the auction protocol which includes the bidding language and the auction 

format, i.e. the sequence of messages exchanged throughout the auction, and the winner 

determination rules. The auction design has to motivate the suppliers to reveal their true cost 

and to enable the auctioneer to solve the cost minimizing allocation problems. The auction 

process must be also easy to implement for both suppliers and the NGO purchasing 

department employees.   

 

2. Literature review 

It is possible to distinguish two types of reverse auctions: the single-item ones and the 

multidimensional ones. In most procurement environment where qualitative attributes of one, 

multiple or also large quantities of items are negotiated, the first ones reveal to be insufficient.  

The best known multidimensional auction format is the combinatorial auction, which allows 

bids on bundles or packages of items (CRAMTON et al., 2006). The price is only valid for the 

entire set and the set is indivisible. This bidding language is suited for procurement where 
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suppliers can benefit from cost complementarities due to reduced production or transportation 

costs for a set of items. This is called economy of scope, it can be appreciated when the sum 

of the production cost of two items A and B separately is higher than the production of A and 

B together. 

 

In addition to package bids, it is found in the literature other bidding languages that have been 

examined such as multi-attribute bids, which allow bids on various attributes, generally the 

price and other qualitative criteria such as delivery time or warranty. Bids are evaluated by a 

scoring rule or function (BICHLER, 2001). Multi-attribute auctions are useful in an 

environment where offers are close substitutes.  Volume discount auctions allow suppliers to 

submit multiple price/quantity pairs as bids. A buyer can use them for procuring multiple 

units of one item or many in an environment where suppliers are looking for economy of 

scales. This is the case that occurs, for example, in agricultural commodity companies where 

volume discounts are common. Each supplier specifies discounts that depend on the volume 

of supply. The specifications are represented as a curve with a quantity range associated with 

each price (for example, $50 per unit up to 200 units, $30 per unit over 500 units). 

Besides the bidding languages, it is necessary to define the auction format because describes 

the rules of communication and message exchanges during the auction. We can differentiate 

two types of auction: the sealed-bid auction and the open-bid auction. In sealed-bid auctions, 

bidders don’t have any feedback about the bid of other competitors. In the open ones, bidders 

receive information about the suppliers’ bids. Among sealed-bid formats, the first and the 

second-price sealed-bid auction (also known as Vickrey auction) are the best known. The 

Request for Tender emitted by the buyer clearly defined specifications, product or service 

requirements. Moreover, some specifications about the process of bid assessment are given 

and award as well as an end date for bids submission when the proposals will be assessed.  

Public procurement uses first-price sealed bid auction a lot. First-price sealed-bid auctions are 

robust against collusion (ROBINSON, 1985). Yet, in a first-price sealed-bid auction, there 
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can be a risk for players to underbid compared to the Vickrey auction. In this case, the highest 

bidder wins but the price paid is the second-highest bid. This type of auction is strategically 

similar to an English auction and gives bidders an incentive to continue bidding to their true 

value and then, win or drop out of the auction. The principle of Vickrey auctions can be 

applied to combinatorial auctions and it’s called Generalized Vickrey auction (GVA). 

Although GVAs have several favorable properties, it also has a few disadvantages which 

explains why they are not used procurement auctions. First, the high complexity valuation for 

the suppliers who need to submit bids on all possible bundles to express their entire private 

utility cost. This means to submit 2m – 1 bids if m is the number of items. This also leads to a 

high number of variables in the winner determination problem, which is NP-hard. Second, in 

addition to the allocation problem, the buyer has to determine Vickrey payments for each 

winner, which is again an NP-hard problem. Last, GVAs need trust auctioneers who do not 

reveal supplier’s valuations to the the competitors or the buyers who could use these cost data 

in future auctions. Moreover, we need to be sure that the auctioneer will not introduce 

synthetic bids to minimize Vickrey payments either.  

An open auction is an iterative auction that provides feedbacks about other bidders’ cost. 

These mechanisms are run in multiple rounds. They represent the majority of procurement 

auctions in the private sector, as in Mars Inc. (HOHNER et al. 2003). The type of feedback 

received by the bidders about other bids is the essential difference between the range of 

iterative auction design we can find in literature. Typically, suppliers compete on-line, in real-

time, thanks to a dedicated program that the company has to create or buy. The necessity of a 

software auction makes iterative e-auctions more complicated to implement. Indeed, it 

requires an extra-training of both suppliers and purchasing department employees than sealed-

bid auctions where written bids can be submitted, which does not totally disturb the 

protagonist habits.  

In addition to the auction format and bidding language, allocation constraints have to be 

considered. The most common constrains in combinatorial auctions are winner, budget limits, 

market sharing constraints and quality ones. They can be integrated into the resolution of the 
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winner determination problem or as pre-selection criteria before the bid evaluation. We can 

quote as an example of this last, threshold levels for qualitative attributes. A winner constraint 

can be for example the minimum and maximum allowable number of winning bids or the 

minimum and maximum number of suppliers. On one hand, they allow not to depend too 

heavily on just a few suppliers therefore avoiding the risk of shortages and on the other hand, 

they express the need not to have a huge number of suppliers, which increases administration 

complexity and management costs. It is up to the buyer to decide if he reveals all the 

allocation constraints to the supplier or not.  

In theory, all allocation constraints need to be defined before the auction to automate the 

winner determination problem. But in most cases, human judgment is involved and the 

process is not totally automated. In this case, the winner determination solver tools are 

decision support ones that make it possible to analyse different allocation scenarios. This 

scenario analysis can be performed by solving various winner determination problems. For 

example, the result of the allocation problem in function of the supplier number. It’s then the 

responsibility of the decision-makers to select the optimal scenario. 

 

3. Models 

In this section, the two chosen auction models are presented. The main differences are in the 

bidding language. The first one uses combinatorial auctions and is suited for procurement 

where suppliers can benefit from cost complementarities. The second one uses Volume-

discount auctions and it is suited for companies in which volumetric discounts are common, 

such as agricultural commodities.  

The chosen auction design for each of these models is an open sealed bid reverse auction 

problem because it is easier to implement it rather than an iterative bid. Both suppliers and the 

NGO do not precise a software to run the auction. Moreover, written bids (through a Word or 

Excel document) can be submitted, as is customary at the NGO. This mechanism is thus less 

susceptible to be rejected by suppliers. Any group can submit a tender but only those who 
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meet the criteria will be assessed. Organizations will have to complete a Pre-Qualification 

Questionnaire (PQQ) to assess their viability, competence and track record as well as a full 

tender. No negotiations are allowed. The bids are visible only for the buyer and the winner is 

determined in a single round. 

In the case of this NGO, the conduct of the typical RFQ steps is unchanged. It comprises 8 

basic steps: 

(1) Formulate the exact items specification, the PQQ, and the tender Business Rules; 

(2) Mail RFQ to potential suppliers/Post the RFQ on the NGO website; 

(3) Wait for the response; 

(4) Pre-selection of the various suppliers; 

(5) Evaluate the responses of the selected suppliers;  

(6) Analyse different allocation scenarios; 

(7) Decision-making; 

(8) Notify the winning supplier(s). 

Multidimensional auction enables to facilitate step (5) and (6).  The main difference between 

the former typical RFQ lies in step (1), in the formulation of the RFQ, where buyers have to 

clearly stipulate the specific tender rules. 

This work concentrates on step (5) according to the tender business rules formulated in step 

(1). The chosen NGO business rules and the mathematical formulation of the winner 

determination problem for each model are going to be presented. They are modelled after the 

work of Hohner et al. (2003). 

Find below the Business Rules in common for the two models:  

 (1) The number of winning suppliers must be at least a minimum number to avoid the risk of 

shortages due to the dependence on a few suppliers.  
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(2) The number of winning suppliers must be at a maximum number to lower the 

administration complexity of managing a huge base of suppliers. 

(3) The suppliers can express Ex Works prices or Free On Board ones. In the EXW case, the 

NGO will have to deal with additional transportation and risk cost that must be considered in 

the winner determination problem.  

 (4) The problem must be solvable. Approximate solutions are unacceptable because the 

difference between an approximate solution and the real solution can change the exact 

allocation a supplier receives. That’s why an approximate solution can destroy the auction 

mechanism fairness and credibility.   

 

3.1. Model 1: combinatorial auctions 

Mathematical formulation of the winner determination problem for combinatorial auctions: 

Regarding this model, there is an additional business rules, each lot of item k must be 

supplied by only one supplier. The lot can’t be allocated to several suppliers.  

The parameters are in capital letters and the variables in small letters for greater clarity. 

A set of k items are given, where for each item , there is a demand for  units of 

the item (called a lot). Each supplier  is allowed up to  bids indexed by j. Each 

bid   is associated a zero-one vector , where  = 1 if bid  will supply the 

entire lot corresponding to item k, and zero otherwise. Each bid  offers a price at which 

the bidder is willing to supply the combination of items in the bid.  is the additional cost of 

freight that the NGO would have to pay if supplier i is allocated to any lot.  

A mixed-integer-programming formulation for the reverse combinatorial auction can be 

written as follows:  

Minimize 
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Subject to 

 

(a) 

 
 

 

(b) 

 

(c) 

 

(d) 

 

(e) 

 

 The decision variable takes the value 1 if the bid  is a winning bid in the auction, and 0 

otherwise. Constraint (a) states that the total number of units of each item in all the winning 

bids must satisfy the demand the buyer has for this item.  

is an indicator variable that takes the value 1 if supplier i is allocated in any lot.  Constraint 

(b) ensures that  if the supplier i has no winning bids. If the supplier i has one or more 

winning bid,  becomes a free binary variable. To fix this, we introduce constraint (c) where 

BigM is a constant arbitrarily chosen which is large enough (constraint (d)) to ensure  
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if any bid from supplier i is chosen.  and  relate to the minimum and maximum 

number of winners required for the allocation. Constraint (e) restricts the total number of 

winners to be within the range ( , ).  

 

3.2. Model 2: volume discount auctions: 

Mathematical formulation of the winner determination problem for volume discount auctions: 

The winner determination problem for this type of auction mechanism is to select a set of 

winning bids, where for each bid it is selected a price and a quantity so that the total demand 

of the buyer is satisfied at the minimum cost.  

The parameters are in capital letters and the variables in small letters for greater clarity. 

A set of k items are given, where for each item , there is a demand for  units of 

the item (called a lot). Each supplier  responds with a bid composed of a supply 

curve (at most one for each lot). A supply curve from supplier i for lot k given by a bid 

consists of a list of price-quantity pairs indexed by j, 

. Each price-quantity pair 

 specifies the price that supplier i is willing to charge per unit of lot 

k if the number of units bought from this supplier lies within the interval .  

is the additional cost of freight that the NGO would have to pay if supplier i is allocated any 

lot.  

It is assumed that the quantity intervals within a single supply curve are all pairwise disjoint. 

The winner-determination problem for the volume discount auction can be formulated as a 

mixed-integer programming problem (MIP) in the following way: 
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A decision variable  it is associated with each price-quantity pair  of 

each bid . This variable takes the value 1 if some number of units of the lot are bought 

through this bid within the quantity range at price  per unit; it takes the 

value 0 otherwise.  

A continuous variable  is associated with each price-quantity pair, which specifies the exact 

number of units of the lot that is to be purchased from the bid  within this price-quantity 

pair. The MIP formulation is then given as follows:  

Minimize  

 

 

Subject to 

 

(a) 

 

(b) 

 

(c) 
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(d) 

 

(e) 

 

(f) 

 

(g) 

 

The coefficient is a constant and computed a priori as  

 

 

Constraint (a) specifies, for each price-quantity pair , that if some 

quantity of lot k it’s bought from the bid at price , this quantity must lie within the range 

. Constraint (b) specifies that for each winning bid, it’s only possible to buy 

at a price and quantity that corresponds to a single price-quantity pair. Constraint (c) states 

that it must determine a winning set of bids so that the total demand of the buyer for each lot k 

is satisfied.  

is a variable indicator that takes the value 1 if supplier i is allocated any lot. Constraint (d) 

ensures that  if the supplier i has no winning bids. BigM is a constant arbitrarily chosen 
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large enough (constraint (f)) that makes constraint (e) ensures  if any bid from supplier 

i is chosen.  and  relate to the minimum and maximum number of winners required 

for the allocation. Constraint (e) restricts the total number of winners to be within the range 

( , ).  

 

4. Results  

The models have been developed under Excel and have been solved with the free “Open 

Solver”, in a notebook computer. This tool was chosen because it is easy to use and wide-

spread in current companies. The results were obtained within a few seconds for all the tested 

scenarios (10 to 15 suppliers for 4 to 10 items). Here we present the results for two chosen 

scenarios. 

 

4.1. Model 1 

The chosen case to run the model 1 is the procurement of 1000 NFI kits with 10 SKUs/kit 

with 15 bidders. In our case, each supplier was able to submit at max (K+2) bids. A single-

item bid for each item  and two package bids (combinatorial auction) chosen in 

accordance to the supplier’s cost synergy. 

For the non-combinatorial model, the problem has been solved to minimize the procurement 

cost considering only the transportation cost and single item bid for each item. For this article, 

the prices have been generated randomly considering that the cost of a bundle was between 

10% and 30% cheaper than the sum of the single item prices that compound it. 

The minimum cost for single-item bids was $584,888 with 4 suppliers. The minimum cost for 

combinatorial bids was $504,175 with 3 suppliers. Combinatorial auctions enabled to reduce 

the procurement cost of 14%. The scenario analysis was made in function of the number of 

suppliers for both combinatorial and non-combinatorial results. The combinatorial solution 
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remains in all scenarios superior to the other one. In an acceptable range for the number of 

suppliers , the procurement cost is reduced by 10%  at least with a combinatorial 

auction.  

 

Figure 1 - Procurement cost with and without combinatorial auctions and cost savings 

 

 

4.2. Model 2 

The chosen case to run the model 2 is the procurement of 3 items: 4 000 mosquito nets, 5 000 

tents and 10 000 blankets, with 10 suppliers. In this case, each supplier can submit up to 3 

price-quantity pairs as bids for each item. 

To compare with a model without volume discount bids, it has been considered that the unit 

price of each item k given by the supplier i was the average of the j={1,2,3} prices given for 

the 3 price-quantity pairs, and that this price was available for the entire range given by the 



 

XXXVII ENCONTRO NACIONAL DE ENGENHARIA DE PRODUCAO 

 “A Engenharia de Produção e as novas tecnologias produtivas: indústria 4.0, manufatura aditiva e outras abordagens  

avançadas de produção” 

Joinville, SC, Brasil, 10 a 13 de outubro de 2017. 

 

 

 

 

 

14 

supplier in the volume discount bid . The single price-quantity pair for the 

item k can be resume as ). 

For this article, the price-quantity pairs have been generated randomly considering that the 

price of an “upper” price-quantity pair was randomly between 10% and 30% cheaper than the 

precedent. 

The minimum cost for the non-volume discount model was $425,181 with 3 suppliers. The 

minimum cost for the volume discount one was $341,541 with 4 suppliers. Volume discount 

auctions enabled to reduce procurement cost of 20% here. The results of both volume 

discount auction and non-volume discount were evaluated in function of the supplier number. 

The volume discount solution remains at all point superior to the other one. Regardless of the 

supplier number, the procurement cost is reduced at least by 15% with a volume discount 

auction.  
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Figure 2 - Procurement cost with and without volume discount auctions and cost savings 

 

 

5. Conclusions 

This paper has presented two models for sealed-bid reverse auctions. The first one uses 

combinatorial auctions and is suited for procurement where suppliers can benefit from cost 

complementarities. The second one uses Volume-discount auctions and is suited for 

volumetric purchases where discounts for large quantities are common. Multidimensional 

auction can significantly lower the procurement costs, 13% on average according to the 

survey realized by Cramton et al. (2006), which corresponds to the cost saving encountered in 

our simulation. These modest models have the advantage to be easily implementable. They do 

not modify the typical RFQ conduct and practices of the NGO such as written bids sent in the 

form of a Word or an Excel document. Thus, the buyer and the suppliers are more likely to be 

less reluctant to use them. They do not require buying or creating any complex software 
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auction as a typical problem with 10 items and 15 suppliers is beyond most buyers’ Excel 

programming ability.  

In addition to procurement cost savings, multidimensional auctions cut off the necessity of 

simultaneous auctions or bilateral negotiations that are time-consuming and expensive. They 

make effective negotiations possible on multiple items and thus, decrease also transaction 

costs. Moreover, all suppliers are treated equally, which led to a high perceived fairness by 

the suppliers. 
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